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MAXIMIZE LUMINOSITY

To maximize luminosity:

reduce transverse emittance without blowing up 
longitudinal emittance too much.

since transverse emittance is proportional to beta 
function, reduce beta function.
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MINIMIZE TRANSVERSE 
EMITTANCE

MUON COLLIDER FINAL COOLING IN 30-50 T SOLENOIDS ∗

Robert B. Palmer, Richard Fernow (BNL, Upton, Long Island, New York)

Abstract

Muon ionization cooling to the required emittance of
25 microns transverse, and 72 mm longitudinal, can be
achieved with liquid hydrogen in high field solenoids, pro-
vided that the momenta are low enough. At these momenta,
the longitudinal emittance rises from the negative slope of
energy loss versus energy. Assuming initial emittances that
have been achieved in six dimensional cooling simulations,
optimized designs are given using solenoid fields limited to
30, 40, and 50 T. The required final emittances are achieved
for the two higher field cases.

INTRODUCTION

A multi-TeV muon collider, would be smaller, use less
power, and hopefully be cheaper than an e+ − e− collider
with the same performance, but there are significant chal-
lenges. Muons are made by pion decay with large emit-
tances. These emittances must be reduced (cooled) in all 6
dimensions.

Reduction of transverse phase space is achieved by ion-
ization cooling[1]. Reduction of longitudinal phase space
is achieved using a combination of more transverse cool-
ing, combined with emittance exchange. Several schemes
have been studied, and two of them [2, 3] appear capa-
ble of reducing the emittances to 400 µm transverse, and
1 mm longitudinal (all emittances quoted are normalized).
A 1.5 TeV (c-of-m) collider ring has been designed[4] that
achieves a luminosity of 1×1034 cm−2sec−1 , using trans-
verse emittances of 25 µm: much less than achieved in
these 6D cooling schemes. But the ring can accept a longi-
tudinal emittance of 72 mm: much larger than that from the
6D cooling. This allows a complete scheme [5] with final
cooling that acts only in the transverse dimensions, while
allowing the longitudinal to grow.

The minimum transverse emittances achievable in hy-
drogen in a solenoid field B is given by:

εx,y(min) ∝
E

B LR dE/dz

where LR is the material radiation length, dE/dz is
the energy loss per unit length, and E is the muon en-
ergy. Values of εx,y, for 3 solenoid fields, are plotted in
Fig.1a. As the muon energy E falls, aided by the increase
in dE/dz, the minimum emittance can reach below 25 µm
at low enough energies. At these energies, the energy loss
(Fig.1b) has a strong negative slope that increases momen-
tum spread, and thus longitudinal emittance. But provid-
ing the ratio −dε‖/dε⊥ is not too great, the required trans-

∗Work supported by US Department of Energy under contracts AC02-
98CH10886 and DE-AC02-76CH03000

Figure 1: a) Minimum transverse emittances vs. muon en-
ergy for three magnetic fields; b) energy loss vs. energy.

Figure 2: Schematic of one stage of final cooling.

verse emittance can be reached with acceptable longitudi-
nal emittance.

FINAL COOLING SEQUENCES

The proposed final cooling system consists of a dozen or
so stages. Each stage consists (see Fig. 2) of a high field,
small bore solenoid, inside which the muons pass through
a liquid hydrogen absorber. Between each solenoid there
is rf to re-accelerate and phase rotate the muons: giving
the required energy and energy spread for the following
stage. There is also a field reversal to avoid an accumu-
lation of Canonical Angular Momentum. Fig. 3 shows an
ICOOL[6] simulation of the falling transverse energy and
emittance, and rising longitudinal emittance, in hydrogen
in a 40 T solenoid example.
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�x,y(min) ∝ E

BLR
dE
dz

•Operate at lower energy 
for larger dE/dz.

•Negative slope of dE/dz 
increases momentum 
spread and longitudinal 
emittance.

Wednesday, March 2, 2011



FINAL COOLING

• To achieve required final transverse emittance, final stage requires stronger 
focusing than is achievable in 6D cooling of earlier stages

• Using lower momenta, it can be achieved using liquid hydrogen and strong 
solenoids.

• Reduce transverse emittance by using progressively higher solenoid fields 
to drive down beta function.

• Beta function may also be reduced by lowering energy.

4

Wednesday, March 2, 2011



LONGITUDINAL 
EMITTANCE GROWTH

Tradeoff between operating at lower momenta and longitudinal emittance 
growth:

Operating at lower momenta allows for reduction in transverse 
emittance.

However, this introduces longitudinal heating b/c operating at 
progressively higher negative slope on dE/dx curve.

Final cooling lattice introduces growth of longitudinal emittance through:

Longitudinal heating.

Energy straggling.

Bunch length growth due to TOF effects.
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LONGITUDINAL VS. 
TRANSVERSE EMITTANCE
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A COMPLETE SCHEME OF IONIZATION COOLING FOR A MUON
COLLIDER ∗

Robert B. Palmer, J. Scott Berg, Richard C. Fernow, Juan Carlos Gallardo, Harold G. Kirk
(BNL, Upton, NY); Yuri Alexahin, David Neuffer (Fermilab, Batavia, IL); Stephen Alan Kahn

(Muons Inc, Batavia, IL); Don Summers (University of Mississippi, Oxford, MS)
Abstract

A complete scheme for production and cooling a muon
beam for three specified muon colliders is presented. Pa-
rameters for these muon colliders are given. The scheme
starts with the front end of a proposed neutrino factory
that yields bunch trains of both muon signs. Emittance
exchange cooling in slow helical lattices reduces the lon-
gitudinal emittance until it becomes possible to merge the
trains into single bunches, one of each sign. Further cool-
ing in all dimensions is applied to the single bunches in fur-
ther slow helical lattices. Final transverse cooling to the re-
quired parameters is achieved in 50 T solenoids using high
TC superconductor at 4 K. Preliminary simulations of each
element are presented.

Table 1: Parameters of three muon colliders using the pro-
posed cooling scenario.

Ec of m 1.5 4 8 TeV
L 1 4 8 1034 cm2sec−1

∆ν 0.1 0.1 0.1
µ/bunch 2 2 2 1012

< Bring > 5.2 5.2 10.4 T
β∗ = σz 10 3 3 mm
rms dp/p 0.09 0.12 0.06 %
Nµ/Nµo 0.07 0.07 0.07
Rep. 13 6 3 Hz
Pdriver ≈4 ≈ 1.8 ≈ 0.8 MW
ε⊥ 25 25 25 pi mm mrad
ε‖ 72 72 72 pi mm rad

INTRODUCTION
Muon colliders were first proposed by Budker in

1969 [1], and later discussed by others [3]. A more de-
tailed study was done for Snowmass 96 [4], but in none of
these was a complete scheme defined for the manipulation
and cooling of the required muons.

Muon colliders would allow the high energy study of
point-like collisions of leptons without some of the diffi-
culties associated with high energy electrons, such as the
synchrotron radiation requiring their acceleration to be es-
sentially linear, and as a result, long. Muons can be accel-
erated in smaller rings and offer other advantages, but they
are produced only diffusely and they decay rapidly, making

∗Work supported by US Department of Energy under contracts AC02-
98CH10886 and DE-AC02-76CH03000

Figure 1: Schematic of the components of the muon ma-
nipulations and cooling.

Figure 2: Transverse vs. longitudinal emittances before
and after each stage

the detailed design of such machines difficult. In this paper,
we outline a complete scheme for capture, phase manipula-
tion and cooling of the muons, every component of which
has been simulated at some level.

COLLIDER PARAMETERS

Table 1 gives parameters for muon colliders at three en-
ergies. Those at 1.5 TeV correspond to a recent collider
ring design [5]. The 4 TeV example is taken from the 96
study [4]. The 8 TeV is an extrapolation assuming higher
bending fields and more challenging interaction point pa-
rameters. All three use the same muon intensities and emit-
tances, although the repetition rates for the higher energy
machines are reduced to control neutrino radiation.

Final Cooling
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FINAL COOLING STAGE

MUON COLLIDER FINAL COOLING IN 30-50 T SOLENOIDS ∗

Robert B. Palmer, Richard Fernow (BNL, Upton, Long Island, New York)

Abstract

Muon ionization cooling to the required emittance of
25 microns transverse, and 72 mm longitudinal, can be
achieved with liquid hydrogen in high field solenoids, pro-
vided that the momenta are low enough. At these momenta,
the longitudinal emittance rises from the negative slope of
energy loss versus energy. Assuming initial emittances that
have been achieved in six dimensional cooling simulations,
optimized designs are given using solenoid fields limited to
30, 40, and 50 T. The required final emittances are achieved
for the two higher field cases.

INTRODUCTION

A multi-TeV muon collider, would be smaller, use less
power, and hopefully be cheaper than an e+ − e− collider
with the same performance, but there are significant chal-
lenges. Muons are made by pion decay with large emit-
tances. These emittances must be reduced (cooled) in all 6
dimensions.

Reduction of transverse phase space is achieved by ion-
ization cooling[1]. Reduction of longitudinal phase space
is achieved using a combination of more transverse cool-
ing, combined with emittance exchange. Several schemes
have been studied, and two of them [2, 3] appear capa-
ble of reducing the emittances to 400 µm transverse, and
1 mm longitudinal (all emittances quoted are normalized).
A 1.5 TeV (c-of-m) collider ring has been designed[4] that
achieves a luminosity of 1×1034 cm−2sec−1 , using trans-
verse emittances of 25 µm: much less than achieved in
these 6D cooling schemes. But the ring can accept a longi-
tudinal emittance of 72 mm: much larger than that from the
6D cooling. This allows a complete scheme [5] with final
cooling that acts only in the transverse dimensions, while
allowing the longitudinal to grow.

The minimum transverse emittances achievable in hy-
drogen in a solenoid field B is given by:

εx,y(min) ∝
E

B LR dE/dz

where LR is the material radiation length, dE/dz is
the energy loss per unit length, and E is the muon en-
ergy. Values of εx,y, for 3 solenoid fields, are plotted in
Fig.1a. As the muon energy E falls, aided by the increase
in dE/dz, the minimum emittance can reach below 25 µm
at low enough energies. At these energies, the energy loss
(Fig.1b) has a strong negative slope that increases momen-
tum spread, and thus longitudinal emittance. But provid-
ing the ratio −dε‖/dε⊥ is not too great, the required trans-

∗Work supported by US Department of Energy under contracts AC02-
98CH10886 and DE-AC02-76CH03000

Figure 1: a) Minimum transverse emittances vs. muon en-
ergy for three magnetic fields; b) energy loss vs. energy.

Figure 2: Schematic of one stage of final cooling.

verse emittance can be reached with acceptable longitudi-
nal emittance.

FINAL COOLING SEQUENCES

The proposed final cooling system consists of a dozen or
so stages. Each stage consists (see Fig. 2) of a high field,
small bore solenoid, inside which the muons pass through
a liquid hydrogen absorber. Between each solenoid there
is rf to re-accelerate and phase rotate the muons: giving
the required energy and energy spread for the following
stage. There is also a field reversal to avoid an accumu-
lation of Canonical Angular Momentum. Fig. 3 shows an
ICOOL[6] simulation of the falling transverse energy and
emittance, and rising longitudinal emittance, in hydrogen
in a 40 T solenoid example.
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EMITTANCE BEHAVIOR
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Figure 3: Parameters vs. length for cooling in one 40 T
solenoid.

Figure 4: Ratio of longitudinal to transverse emittance
changes vs. representative initial transverse emittances.

Optimized stages

For each stage, the initial energy, energy spread, and ab-
sorber length, can be adjusted to minimize the ICOOL sim-
ulated negative slope −dε‖/2dε⊥. Fig. 4 shows slopes for
manually optimized stages, starting from several represen-
tative initial emittances. These were obtained using three
different solenoid fields: 30, 40, and 50 T.

Assuming that we can use linear interpolation of the
slopes, and other parameters, at intermediate initial emit-
tances, we obtain longitudinal vs. transverse emittances
for full sequences using the three fields (see Fig. 5). The
sequences start from a transverse emittance of 400 µm, and
longitudinal emittance of 1 mm, as achieved at the end of
the earlier systems of 6D cooling.

From Fig. 4, we note that, starting from the right (ε⊥=

Figure 5: Longitudinal vs. transverse emittances for se-
quences of stages using three solenoid fields.

400 µm), until ε⊥ has fallen to 200 µm, the slopes fall,
i.e. the cooling improves. This arises because, with greater
longitudinal emittances, the bunch lengths are greater, re-
ducing the relative transverse emittance growth from am-
plitude dependent transit time differences. The initial mo-
menta used for these early stages is kept relatively low (135
MeV/c), to allow longer bunches; again to reduce this tran-
sit time problem. In this regime, the advantages in raising
the magnetic field is largely cancelled by the worse tran-
sit time variation, and there is little advantage from higher
fields.

Later, as the transverse emittance falls below 200 µm,
the bunch lengths have grown enough that the transit time
problem is no longer significant. Now, the lower equi-
librium transverse emittances with higher magnetic fields
leads to a lowering of the slope with field.

But to cool to lower transverse emittances, progressively
lower energies must be employed. The rising slope of
energy loss vs. falling energy now causes the momen-
tum spread, and thus longitudinal emittance to rise more
steeply. This results in the observed rise in −dε‖/dε⊥ as
the transverse emittance falls.

From Fig. 5, we note that the 50 T case more than
achieves our requirements, 40 T meets them. 30T just
misses the requirement, but would probably be acceptable
with some adjustment of parameters.

40 T example

Fig. 6 shows some parameters vs. stage for the 40 T
case. The Energy falls in steps from 66 MeV to its final
value of 5.1 MeV, while the bunch length rises from 5 to
400 cm. The lengths of hydrogen absorber fall from 77 cm
to 1,1 cm, as the energy falls and dE/dz increases. The
final beam β is 1.5 cm, giving an rms beam size of 0.6 mm.

Table 1 shows the assumed parameters for the rf. For
bunches shorter than 0.75 m, the rf frequencies were chosen
to keep σct < λ/20. The gradients assumed maximum
surface fields ∝

√
f , and, assuming in reentrant vacuum

cavities, the surface to accelerating gradients ∝ f0.75. For
bunches longer than 0.75 m, induction linacs with gradients
of 1 MV/m were assumed.

Fig. 7 shows the lengths of the different elements
in this example. These are obtained by adding magnet
lengths, calculated lengths for phase rotation, and for re-
acceleration. When correctly simulated, the lengths should
be shorter, because some rotation will occur in the magnet
ends, and during acceleration.

The simulated transmission, excluding decay, but includ-
ing 3 sigma cuts at each stage, is 17.5 %. The calculated
decay loss is 19%, giving a total, hopefully conservative,
transmission of 67%.

Matching and re-acceleration

The matching, re-acceleration and field flips have been
fully simulated for only one case: that between the last
two stages of the 50 T example. Fig. 8 shows a highly

Wednesday, March 2, 2011



EMITTANCE BEHAVIOR
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Figure 3: Parameters vs. length for cooling in one 40 T
solenoid.

Figure 4: Ratio of longitudinal to transverse emittance
changes vs. representative initial transverse emittances.

Optimized stages

For each stage, the initial energy, energy spread, and ab-
sorber length, can be adjusted to minimize the ICOOL sim-
ulated negative slope −dε‖/2dε⊥. Fig. 4 shows slopes for
manually optimized stages, starting from several represen-
tative initial emittances. These were obtained using three
different solenoid fields: 30, 40, and 50 T.

Assuming that we can use linear interpolation of the
slopes, and other parameters, at intermediate initial emit-
tances, we obtain longitudinal vs. transverse emittances
for full sequences using the three fields (see Fig. 5). The
sequences start from a transverse emittance of 400 µm, and
longitudinal emittance of 1 mm, as achieved at the end of
the earlier systems of 6D cooling.

From Fig. 4, we note that, starting from the right (ε⊥=

Figure 5: Longitudinal vs. transverse emittances for se-
quences of stages using three solenoid fields.

400 µm), until ε⊥ has fallen to 200 µm, the slopes fall,
i.e. the cooling improves. This arises because, with greater
longitudinal emittances, the bunch lengths are greater, re-
ducing the relative transverse emittance growth from am-
plitude dependent transit time differences. The initial mo-
menta used for these early stages is kept relatively low (135
MeV/c), to allow longer bunches; again to reduce this tran-
sit time problem. In this regime, the advantages in raising
the magnetic field is largely cancelled by the worse tran-
sit time variation, and there is little advantage from higher
fields.

Later, as the transverse emittance falls below 200 µm,
the bunch lengths have grown enough that the transit time
problem is no longer significant. Now, the lower equi-
librium transverse emittances with higher magnetic fields
leads to a lowering of the slope with field.

But to cool to lower transverse emittances, progressively
lower energies must be employed. The rising slope of
energy loss vs. falling energy now causes the momen-
tum spread, and thus longitudinal emittance to rise more
steeply. This results in the observed rise in −dε‖/dε⊥ as
the transverse emittance falls.

From Fig. 5, we note that the 50 T case more than
achieves our requirements, 40 T meets them. 30T just
misses the requirement, but would probably be acceptable
with some adjustment of parameters.

40 T example

Fig. 6 shows some parameters vs. stage for the 40 T
case. The Energy falls in steps from 66 MeV to its final
value of 5.1 MeV, while the bunch length rises from 5 to
400 cm. The lengths of hydrogen absorber fall from 77 cm
to 1,1 cm, as the energy falls and dE/dz increases. The
final beam β is 1.5 cm, giving an rms beam size of 0.6 mm.

Table 1 shows the assumed parameters for the rf. For
bunches shorter than 0.75 m, the rf frequencies were chosen
to keep σct < λ/20. The gradients assumed maximum
surface fields ∝

√
f , and, assuming in reentrant vacuum

cavities, the surface to accelerating gradients ∝ f0.75. For
bunches longer than 0.75 m, induction linacs with gradients
of 1 MV/m were assumed.

Fig. 7 shows the lengths of the different elements
in this example. These are obtained by adding magnet
lengths, calculated lengths for phase rotation, and for re-
acceleration. When correctly simulated, the lengths should
be shorter, because some rotation will occur in the magnet
ends, and during acceleration.

The simulated transmission, excluding decay, but includ-
ing 3 sigma cuts at each stage, is 17.5 %. The calculated
decay loss is 19%, giving a total, hopefully conservative,
transmission of 67%.

Matching and re-acceleration

The matching, re-acceleration and field flips have been
fully simulated for only one case: that between the last
two stages of the 50 T example. Fig. 8 shows a highly

•Emittance goals can be achieved with 40 T solenoids.  Possibly 
with 30 T solenoids.
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Figure 3: Parameters vs. length for cooling in one 40 T
solenoid.

Figure 4: Ratio of longitudinal to transverse emittance
changes vs. representative initial transverse emittances.

Optimized stages

For each stage, the initial energy, energy spread, and ab-
sorber length, can be adjusted to minimize the ICOOL sim-
ulated negative slope −dε‖/2dε⊥. Fig. 4 shows slopes for
manually optimized stages, starting from several represen-
tative initial emittances. These were obtained using three
different solenoid fields: 30, 40, and 50 T.

Assuming that we can use linear interpolation of the
slopes, and other parameters, at intermediate initial emit-
tances, we obtain longitudinal vs. transverse emittances
for full sequences using the three fields (see Fig. 5). The
sequences start from a transverse emittance of 400 µm, and
longitudinal emittance of 1 mm, as achieved at the end of
the earlier systems of 6D cooling.

From Fig. 4, we note that, starting from the right (ε⊥=

Figure 5: Longitudinal vs. transverse emittances for se-
quences of stages using three solenoid fields.

400 µm), until ε⊥ has fallen to 200 µm, the slopes fall,
i.e. the cooling improves. This arises because, with greater
longitudinal emittances, the bunch lengths are greater, re-
ducing the relative transverse emittance growth from am-
plitude dependent transit time differences. The initial mo-
menta used for these early stages is kept relatively low (135
MeV/c), to allow longer bunches; again to reduce this tran-
sit time problem. In this regime, the advantages in raising
the magnetic field is largely cancelled by the worse tran-
sit time variation, and there is little advantage from higher
fields.

Later, as the transverse emittance falls below 200 µm,
the bunch lengths have grown enough that the transit time
problem is no longer significant. Now, the lower equi-
librium transverse emittances with higher magnetic fields
leads to a lowering of the slope with field.

But to cool to lower transverse emittances, progressively
lower energies must be employed. The rising slope of
energy loss vs. falling energy now causes the momen-
tum spread, and thus longitudinal emittance to rise more
steeply. This results in the observed rise in −dε‖/dε⊥ as
the transverse emittance falls.

From Fig. 5, we note that the 50 T case more than
achieves our requirements, 40 T meets them. 30T just
misses the requirement, but would probably be acceptable
with some adjustment of parameters.

40 T example

Fig. 6 shows some parameters vs. stage for the 40 T
case. The Energy falls in steps from 66 MeV to its final
value of 5.1 MeV, while the bunch length rises from 5 to
400 cm. The lengths of hydrogen absorber fall from 77 cm
to 1,1 cm, as the energy falls and dE/dz increases. The
final beam β is 1.5 cm, giving an rms beam size of 0.6 mm.

Table 1 shows the assumed parameters for the rf. For
bunches shorter than 0.75 m, the rf frequencies were chosen
to keep σct < λ/20. The gradients assumed maximum
surface fields ∝

√
f , and, assuming in reentrant vacuum

cavities, the surface to accelerating gradients ∝ f0.75. For
bunches longer than 0.75 m, induction linacs with gradients
of 1 MV/m were assumed.

Fig. 7 shows the lengths of the different elements
in this example. These are obtained by adding magnet
lengths, calculated lengths for phase rotation, and for re-
acceleration. When correctly simulated, the lengths should
be shorter, because some rotation will occur in the magnet
ends, and during acceleration.

The simulated transmission, excluding decay, but includ-
ing 3 sigma cuts at each stage, is 17.5 %. The calculated
decay loss is 19%, giving a total, hopefully conservative,
transmission of 67%.

Matching and re-acceleration

The matching, re-acceleration and field flips have been
fully simulated for only one case: that between the last
two stages of the 50 T example. Fig. 8 shows a highly

•Emittance goals can be achieved with 40 T solenoids.  Possibly 
with 30 T solenoids.
•Higher field curves have lower slope - lower longitudinal emittance growth.
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Figure 3: Parameters vs. length for cooling in one 40 T
solenoid.

Figure 4: Ratio of longitudinal to transverse emittance
changes vs. representative initial transverse emittances.

Optimized stages

For each stage, the initial energy, energy spread, and ab-
sorber length, can be adjusted to minimize the ICOOL sim-
ulated negative slope −dε‖/2dε⊥. Fig. 4 shows slopes for
manually optimized stages, starting from several represen-
tative initial emittances. These were obtained using three
different solenoid fields: 30, 40, and 50 T.

Assuming that we can use linear interpolation of the
slopes, and other parameters, at intermediate initial emit-
tances, we obtain longitudinal vs. transverse emittances
for full sequences using the three fields (see Fig. 5). The
sequences start from a transverse emittance of 400 µm, and
longitudinal emittance of 1 mm, as achieved at the end of
the earlier systems of 6D cooling.

From Fig. 4, we note that, starting from the right (ε⊥=

Figure 5: Longitudinal vs. transverse emittances for se-
quences of stages using three solenoid fields.

400 µm), until ε⊥ has fallen to 200 µm, the slopes fall,
i.e. the cooling improves. This arises because, with greater
longitudinal emittances, the bunch lengths are greater, re-
ducing the relative transverse emittance growth from am-
plitude dependent transit time differences. The initial mo-
menta used for these early stages is kept relatively low (135
MeV/c), to allow longer bunches; again to reduce this tran-
sit time problem. In this regime, the advantages in raising
the magnetic field is largely cancelled by the worse tran-
sit time variation, and there is little advantage from higher
fields.

Later, as the transverse emittance falls below 200 µm,
the bunch lengths have grown enough that the transit time
problem is no longer significant. Now, the lower equi-
librium transverse emittances with higher magnetic fields
leads to a lowering of the slope with field.

But to cool to lower transverse emittances, progressively
lower energies must be employed. The rising slope of
energy loss vs. falling energy now causes the momen-
tum spread, and thus longitudinal emittance to rise more
steeply. This results in the observed rise in −dε‖/dε⊥ as
the transverse emittance falls.

From Fig. 5, we note that the 50 T case more than
achieves our requirements, 40 T meets them. 30T just
misses the requirement, but would probably be acceptable
with some adjustment of parameters.

40 T example

Fig. 6 shows some parameters vs. stage for the 40 T
case. The Energy falls in steps from 66 MeV to its final
value of 5.1 MeV, while the bunch length rises from 5 to
400 cm. The lengths of hydrogen absorber fall from 77 cm
to 1,1 cm, as the energy falls and dE/dz increases. The
final beam β is 1.5 cm, giving an rms beam size of 0.6 mm.

Table 1 shows the assumed parameters for the rf. For
bunches shorter than 0.75 m, the rf frequencies were chosen
to keep σct < λ/20. The gradients assumed maximum
surface fields ∝

√
f , and, assuming in reentrant vacuum

cavities, the surface to accelerating gradients ∝ f0.75. For
bunches longer than 0.75 m, induction linacs with gradients
of 1 MV/m were assumed.

Fig. 7 shows the lengths of the different elements
in this example. These are obtained by adding magnet
lengths, calculated lengths for phase rotation, and for re-
acceleration. When correctly simulated, the lengths should
be shorter, because some rotation will occur in the magnet
ends, and during acceleration.

The simulated transmission, excluding decay, but includ-
ing 3 sigma cuts at each stage, is 17.5 %. The calculated
decay loss is 19%, giving a total, hopefully conservative,
transmission of 67%.

Matching and re-acceleration

The matching, re-acceleration and field flips have been
fully simulated for only one case: that between the last
two stages of the 50 T example. Fig. 8 shows a highly

•Emittance goals can be achieved with 40 T solenoids.  Possibly 
with 30 T solenoids.
•Higher field curves have lower slope - lower longitudinal emittance growth.
•Only two stages have been simulated with full RF.  
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Figure 3: Parameters vs. length for cooling in one 40 T
solenoid.

Figure 4: Ratio of longitudinal to transverse emittance
changes vs. representative initial transverse emittances.

Optimized stages

For each stage, the initial energy, energy spread, and ab-
sorber length, can be adjusted to minimize the ICOOL sim-
ulated negative slope −dε‖/2dε⊥. Fig. 4 shows slopes for
manually optimized stages, starting from several represen-
tative initial emittances. These were obtained using three
different solenoid fields: 30, 40, and 50 T.

Assuming that we can use linear interpolation of the
slopes, and other parameters, at intermediate initial emit-
tances, we obtain longitudinal vs. transverse emittances
for full sequences using the three fields (see Fig. 5). The
sequences start from a transverse emittance of 400 µm, and
longitudinal emittance of 1 mm, as achieved at the end of
the earlier systems of 6D cooling.

From Fig. 4, we note that, starting from the right (ε⊥=

Figure 5: Longitudinal vs. transverse emittances for se-
quences of stages using three solenoid fields.

400 µm), until ε⊥ has fallen to 200 µm, the slopes fall,
i.e. the cooling improves. This arises because, with greater
longitudinal emittances, the bunch lengths are greater, re-
ducing the relative transverse emittance growth from am-
plitude dependent transit time differences. The initial mo-
menta used for these early stages is kept relatively low (135
MeV/c), to allow longer bunches; again to reduce this tran-
sit time problem. In this regime, the advantages in raising
the magnetic field is largely cancelled by the worse tran-
sit time variation, and there is little advantage from higher
fields.

Later, as the transverse emittance falls below 200 µm,
the bunch lengths have grown enough that the transit time
problem is no longer significant. Now, the lower equi-
librium transverse emittances with higher magnetic fields
leads to a lowering of the slope with field.

But to cool to lower transverse emittances, progressively
lower energies must be employed. The rising slope of
energy loss vs. falling energy now causes the momen-
tum spread, and thus longitudinal emittance to rise more
steeply. This results in the observed rise in −dε‖/dε⊥ as
the transverse emittance falls.

From Fig. 5, we note that the 50 T case more than
achieves our requirements, 40 T meets them. 30T just
misses the requirement, but would probably be acceptable
with some adjustment of parameters.

40 T example

Fig. 6 shows some parameters vs. stage for the 40 T
case. The Energy falls in steps from 66 MeV to its final
value of 5.1 MeV, while the bunch length rises from 5 to
400 cm. The lengths of hydrogen absorber fall from 77 cm
to 1,1 cm, as the energy falls and dE/dz increases. The
final beam β is 1.5 cm, giving an rms beam size of 0.6 mm.

Table 1 shows the assumed parameters for the rf. For
bunches shorter than 0.75 m, the rf frequencies were chosen
to keep σct < λ/20. The gradients assumed maximum
surface fields ∝

√
f , and, assuming in reentrant vacuum

cavities, the surface to accelerating gradients ∝ f0.75. For
bunches longer than 0.75 m, induction linacs with gradients
of 1 MV/m were assumed.

Fig. 7 shows the lengths of the different elements
in this example. These are obtained by adding magnet
lengths, calculated lengths for phase rotation, and for re-
acceleration. When correctly simulated, the lengths should
be shorter, because some rotation will occur in the magnet
ends, and during acceleration.

The simulated transmission, excluding decay, but includ-
ing 3 sigma cuts at each stage, is 17.5 %. The calculated
decay loss is 19%, giving a total, hopefully conservative,
transmission of 67%.

Matching and re-acceleration

The matching, re-acceleration and field flips have been
fully simulated for only one case: that between the last
two stages of the 50 T example. Fig. 8 shows a highly

•Emittance goals can be achieved with 40 T solenoids.  Possibly 
with 30 T solenoids.
•Higher field curves have lower slope - lower longitudinal emittance growth.
•Only two stages have been simulated with full RF.  
•Generated by interpolation of the graph on the following slide.
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SIMULATED SLOPES FOR MANUALLY 
OPTIMIZED STAGES

Figure 3: Parameters vs. length for cooling in one 40 T
solenoid.

Figure 4: Ratio of longitudinal to transverse emittance
changes vs. representative initial transverse emittances.

Optimized stages

For each stage, the initial energy, energy spread, and ab-
sorber length, can be adjusted to minimize the ICOOL sim-
ulated negative slope −dε‖/2dε⊥. Fig. 4 shows slopes for
manually optimized stages, starting from several represen-
tative initial emittances. These were obtained using three
different solenoid fields: 30, 40, and 50 T.

Assuming that we can use linear interpolation of the
slopes, and other parameters, at intermediate initial emit-
tances, we obtain longitudinal vs. transverse emittances
for full sequences using the three fields (see Fig. 5). The
sequences start from a transverse emittance of 400 µm, and
longitudinal emittance of 1 mm, as achieved at the end of
the earlier systems of 6D cooling.

From Fig. 4, we note that, starting from the right (ε⊥=

Figure 5: Longitudinal vs. transverse emittances for se-
quences of stages using three solenoid fields.

400 µm), until ε⊥ has fallen to 200 µm, the slopes fall,
i.e. the cooling improves. This arises because, with greater
longitudinal emittances, the bunch lengths are greater, re-
ducing the relative transverse emittance growth from am-
plitude dependent transit time differences. The initial mo-
menta used for these early stages is kept relatively low (135
MeV/c), to allow longer bunches; again to reduce this tran-
sit time problem. In this regime, the advantages in raising
the magnetic field is largely cancelled by the worse tran-
sit time variation, and there is little advantage from higher
fields.

Later, as the transverse emittance falls below 200 µm,
the bunch lengths have grown enough that the transit time
problem is no longer significant. Now, the lower equi-
librium transverse emittances with higher magnetic fields
leads to a lowering of the slope with field.

But to cool to lower transverse emittances, progressively
lower energies must be employed. The rising slope of
energy loss vs. falling energy now causes the momen-
tum spread, and thus longitudinal emittance to rise more
steeply. This results in the observed rise in −dε‖/dε⊥ as
the transverse emittance falls.

From Fig. 5, we note that the 50 T case more than
achieves our requirements, 40 T meets them. 30T just
misses the requirement, but would probably be acceptable
with some adjustment of parameters.

40 T example

Fig. 6 shows some parameters vs. stage for the 40 T
case. The Energy falls in steps from 66 MeV to its final
value of 5.1 MeV, while the bunch length rises from 5 to
400 cm. The lengths of hydrogen absorber fall from 77 cm
to 1,1 cm, as the energy falls and dE/dz increases. The
final beam β is 1.5 cm, giving an rms beam size of 0.6 mm.

Table 1 shows the assumed parameters for the rf. For
bunches shorter than 0.75 m, the rf frequencies were chosen
to keep σct < λ/20. The gradients assumed maximum
surface fields ∝

√
f , and, assuming in reentrant vacuum

cavities, the surface to accelerating gradients ∝ f0.75. For
bunches longer than 0.75 m, induction linacs with gradients
of 1 MV/m were assumed.

Fig. 7 shows the lengths of the different elements
in this example. These are obtained by adding magnet
lengths, calculated lengths for phase rotation, and for re-
acceleration. When correctly simulated, the lengths should
be shorter, because some rotation will occur in the magnet
ends, and during acceleration.

The simulated transmission, excluding decay, but includ-
ing 3 sigma cuts at each stage, is 17.5 %. The calculated
decay loss is 19%, giving a total, hopefully conservative,
transmission of 67%.

Matching and re-acceleration

The matching, re-acceleration and field flips have been
fully simulated for only one case: that between the last
two stages of the 50 T example. Fig. 8 shows a highly

Lower slope means 
better cooling.

9

R2

R1

Slopes<1 means 6d cooling

•Going to higher negative dE/dx slopes makes longitudinal heating worse.

•Relative effect of TOF heating becomes less significant as bunch length 
increases.  Also, absorbers shorter.  

Relative effect of
 transit time lower
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40T PARAMETERS VS. 
STAGE

Figure 6: Some parameters vs. stage for the 40 T sequence.

Figure 7: Legths of elements in the optimized sequence
using 40 T solenoids.

Figure 8: Design of matching and acceleration for the last
two stages of the 50 T sequence.

Figure 9: Simulation of matching and acceleration for the
last two stages of the 50 T sequence.

Table 1: rf Parameters of 40 T example
E1 E2 freq grad acc L

MeV MeV MHz MV/m m

NCRF 34.6 66.6 201 15.5 2.1

NCRF 34.8 66.9 201 15.5 2.1

NCRF 36.0 67.1 201 15.5 2.0
NCRF 36.0 54.5 153 11.1 1.7

NCRF 30.6 41.3 110 7.4 1.5

NCRF 24.9 32.4 77 4.7 1.6
NCRF 20.7 25.7 53 2.9 1.7

NCRF 17.4 20.0 31 1.5 1.7

Induction 13.6 15.0 18 1.0 1.4
Induction 10.3 10.7 10 1.0 0.4

Induction 7.5 7.2 6 1.0 0.7
Induction 5.1 7.0 5 1.0 1.8

Induction 5.1 7.4 4 1.0 2.3

compressed representation of its elements. In this case,
the bunch is very long (≈ 3 m), and the rf is an induction
linac. Fig. 9 shows the simulated longitudinal and trans-
verse emittances vs. the length. In this example, the simu-
lated emittance dilutions are acceptable 0.1% transversely
and 0.5% longitudinally. The simulated losses are 7.3%:
significantly less than the value of 10% estimated from the
above assumptions. This is encouraging, but similar sim-
ulations of matching and re-acceleration for earlier stages
are essential.

CONCLUSION & PROSPECTS

Preliminary simulations of transverse cooling in hydro-
gen, at low energies, suggests that muon collider emit-
tance requirements can be met using solenoid fields of 40
T or more, with them probably acceptable with 30 T. How-
ever, these simulations did not include hydrogen windows,
matching or re-acceleration, whose performance, with one
exception, was based on numerical estimates. Full simu-
lations of more stages are planned. The design, and simu-
lations, of hydrogen windows must be included, and space
charge effects calculated.
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•Bunch length rises from 5 cm-400 cm.
•Energy falls from 66 MeV to 5 MeV.
•H2 absorber length falls from 77 cm to 11 cm.
•Beta is reduced to 1.5 cm w/RMS beam size of 0.6 mm.
•dE/dZ rises
•For bunches larger than 0.75 m, induction linacs were assumed with 
gradients of 1 MV/m
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LENGTHS OF ELEMENTS 
FOR 40T EXAMPLE
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INDUCTION LINAC 
WAVEFORMS

12

Induction Linac

M
uo

n Accelerator

Program

Induction Linac

Waveforms

Study II

Induction design

August 24–26, 2010 MAP Review—Final Cooling—R.B.Palmer 14

Pulse shape adjusted to maintain elliptical 
profile in longitudinal phase space.
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LONGITUDINAL PHASE 
SPACE EVOLUTION

13

Phase space evolution

M
uo

n Accelerator

Program

August 24–26, 2010 MAP Review—Final Cooling—R.B.Palmer 15
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MATCHING PROBLEM

14

•Field flip defines boundary conditions for B.
•What is the optimal shape of B in the free region to achieve best beta 
mapping?
•Methodology:

•Calculate transfer map in free region by integrating Hamiltonian.
•Evaluate match using appropriate metric.
•Using numerical optimizer determine optimal B
•in free region.

B Free
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50T MATCHING AND 
FIELD FLIP

15

Detail of 50 T matching &
field flip

M
uo

n Accelerator

Program

! Adiabatic match from 50 T → 1.25 T

! Rapid field flip with beta matching

August 24–26, 2010 MAP Review—Final Cooling—R.B.Palmer 22

•Field profile determined heuristically.

Wednesday, March 2, 2011



SIMULATION OF LAST 
TWO STAGES

Figure 6: Some parameters vs. stage for the 40 T sequence.

Figure 7: Legths of elements in the optimized sequence
using 40 T solenoids.

Figure 8: Design of matching and acceleration for the last
two stages of the 50 T sequence.

Figure 9: Simulation of matching and acceleration for the
last two stages of the 50 T sequence.

Table 1: rf Parameters of 40 T example
E1 E2 freq grad acc L

MeV MeV MHz MV/m m

NCRF 34.6 66.6 201 15.5 2.1

NCRF 34.8 66.9 201 15.5 2.1

NCRF 36.0 67.1 201 15.5 2.0
NCRF 36.0 54.5 153 11.1 1.7

NCRF 30.6 41.3 110 7.4 1.5

NCRF 24.9 32.4 77 4.7 1.6
NCRF 20.7 25.7 53 2.9 1.7

NCRF 17.4 20.0 31 1.5 1.7

Induction 13.6 15.0 18 1.0 1.4
Induction 10.3 10.7 10 1.0 0.4

Induction 7.5 7.2 6 1.0 0.7
Induction 5.1 7.0 5 1.0 1.8

Induction 5.1 7.4 4 1.0 2.3

compressed representation of its elements. In this case,
the bunch is very long (≈ 3 m), and the rf is an induction
linac. Fig. 9 shows the simulated longitudinal and trans-
verse emittances vs. the length. In this example, the simu-
lated emittance dilutions are acceptable 0.1% transversely
and 0.5% longitudinally. The simulated losses are 7.3%:
significantly less than the value of 10% estimated from the
above assumptions. This is encouraging, but similar sim-
ulations of matching and re-acceleration for earlier stages
are essential.

CONCLUSION & PROSPECTS

Preliminary simulations of transverse cooling in hydro-
gen, at low energies, suggests that muon collider emit-
tance requirements can be met using solenoid fields of 40
T or more, with them probably acceptable with 30 T. How-
ever, these simulations did not include hydrogen windows,
matching or re-acceleration, whose performance, with one
exception, was based on numerical estimates. Full simu-
lations of more stages are planned. The design, and simu-
lations, of hydrogen windows must be included, and space
charge effects calculated.
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•Bunch length is long (approx. 3 meters).
•RF is induction linac.
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SIMULATION OF MATCHING AND 
ACCELERATION FOR FINAL TWO STAGES 

(50T SEQUENCE)

Figure 6: Some parameters vs. stage for the 40 T sequence.

Figure 7: Legths of elements in the optimized sequence
using 40 T solenoids.

Figure 8: Design of matching and acceleration for the last
two stages of the 50 T sequence.

Figure 9: Simulation of matching and acceleration for the
last two stages of the 50 T sequence.

Table 1: rf Parameters of 40 T example
E1 E2 freq grad acc L

MeV MeV MHz MV/m m

NCRF 34.6 66.6 201 15.5 2.1

NCRF 34.8 66.9 201 15.5 2.1

NCRF 36.0 67.1 201 15.5 2.0
NCRF 36.0 54.5 153 11.1 1.7

NCRF 30.6 41.3 110 7.4 1.5

NCRF 24.9 32.4 77 4.7 1.6
NCRF 20.7 25.7 53 2.9 1.7

NCRF 17.4 20.0 31 1.5 1.7

Induction 13.6 15.0 18 1.0 1.4
Induction 10.3 10.7 10 1.0 0.4

Induction 7.5 7.2 6 1.0 0.7
Induction 5.1 7.0 5 1.0 1.8

Induction 5.1 7.4 4 1.0 2.3

compressed representation of its elements. In this case,
the bunch is very long (≈ 3 m), and the rf is an induction
linac. Fig. 9 shows the simulated longitudinal and trans-
verse emittances vs. the length. In this example, the simu-
lated emittance dilutions are acceptable 0.1% transversely
and 0.5% longitudinally. The simulated losses are 7.3%:
significantly less than the value of 10% estimated from the
above assumptions. This is encouraging, but similar sim-
ulations of matching and re-acceleration for earlier stages
are essential.

CONCLUSION & PROSPECTS

Preliminary simulations of transverse cooling in hydro-
gen, at low energies, suggests that muon collider emit-
tance requirements can be met using solenoid fields of 40
T or more, with them probably acceptable with 30 T. How-
ever, these simulations did not include hydrogen windows,
matching or re-acceleration, whose performance, with one
exception, was based on numerical estimates. Full simu-
lations of more stages are planned. The design, and simu-
lations, of hydrogen windows must be included, and space
charge effects calculated.
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CONCLUSION

18

As muon energy E falls in conjunction with rising 
dE/dz, minimum emittance can fall below 25 um.

Although longitudinal emittance rises, due to 
increasingly negative dE/dz slope, a satisfactory 
longitudinal emittance can be achieved.

This can be achieved by restricting −
d��
2d�⊥
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